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a b s t r a c t
Symmetry of graphs has been extensively studied over the past fifty years by using
automorphisms of graphs and group theory which have played and still play an important
role for graph theory, and promising and interesting results have been obtained, see
for examples, [L.W. Beineke, R.J. Wilson, Topics in Algebraic Graph Theory, Cambridge
University Press, London, 2004; N. Biggs, Algebraic Graph Theory, Cambridge University
Press, London, 1993; C. Godsil, C. Royle, Algebraic graph theory, Springer-Verlag, London,
2001; G. Hahn, G. Sabidussi, Graph Symmetry: Algebraic Methods and Application, in:
NATO ASI Series C, vol. 497, Kluwer Academic Publishers, Dordrecht, 1997]. We introduced
generalized symmetry of graphs and investigated it by using endomorphisms of graphs and
semigroup theory. In this paper, we will survey some results we have achieved in recent





5. Graphs and their endomorphism monoids.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Symmetry of graphs has been measured and characterized by the automorphisms of graphs. This topic has been
extensively studied over the past fifty years where automorphisms of graphs and group theory have played an important
role, and promising and interesting results have been obtained, see for examples, [2,3,29,31].
The study of graph homomorphisms is over forty years old. It was pioneered by Sabidussi [51], and Hedrlin and Pultr [33]
and other papers of these authors. Hahn and Tardif [32] gave a survey on graph homomorphisms. There is a chapter
‘homomorphisms’ in the book [29] by Godsil and Royle. The special book [35] on graph homomorphisms byHell andNesetril
appeared in 2004.
For graphs and endomorphism semigroups, there are many aspects which are interesting. In this paper, we mainly focus
on studying generalized symmetry of graphs using endomorphism semigroups of graphs and semigroup theory.
Section 2 is devoted to End-regular graphs. The definition of an End-regular graph is given by Fan [8,11]. The initial
aim is to answer the open problem raised by Knauer [47]. It is interesting from the characterization of End-regular graphs
(Theorem 2.2) that we know that these graphs do have some symmetry although the definition is actually given in the sense
of the algebraic property of semigroups. In End-regular graphs, any endomorphism image (as an induced subgraph) is a
retract, and there exists another retract such that these two retracts are isomorphic.
End-transitive graphs (also called weakly transitive graphs) are introduced and studied in Section 3. These graphs are
a natural generalization of transitive graphs. The structure properties, classifications and combinatorial properties of these
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graphs remain to be given. The study of this area now is just starting. It would provide us the information to know graph
symmetry from a broad point of view.
There are various unretractive graphs, among them two main unretractive graphs are E–A unretractive graphs and E–S
unretractive graphs. E–A unretractive graphs, called cores in [29,32,35], are a key to graph homomorphisms and symmetry.
Our results in Section 4 show that E–S unretractive graphs can be constructed from E–A unretractive graphs.
We list some other results about graphs and their endomorphism monoids in final section.
For graph terminology and notation, please refer to [3,29]. For semigroup terminology and notation, please refer to [30,
36,48].
Throughout this paper graphs are finite, simple, undirected, and connected, unless specified otherwise. Let X be a graph
with vertex set V (X) and edge set E(X). We write {x1, x2} ∈ E(X) if the vertices x1 and x2 are adjacent in X . For two graphs
X and Y , a mapping f : V (X) → V (Y ) is said to be a homomorphism from X to Y if f preserves adjacency of vertices,
i.e.,{x1, x2} ∈ E(X) implies {f (x1), f (x2)} ∈ E(Y ) for any x1, x2 ∈ V (X); a strong homomorphism from X to Y if {x1, x2} ∈ E(X)
if andonly if {f (x1), f (x2)} ∈ E(Y ) for any x1, x2 ∈ V (X); an isomorphism if f is bijective and f is a stronghomomorphism from
X to Y . If X = Y , then the abovemappings are called endomorphisms, strong endomorphisms and automorphisms respectively.
Let End X be the set of all endomorphisms of X , SEnd X the set of all strong endomorphisms of X and Aut X the set of all
automorphisms of X respectively. Then End X forms a monoid under composition, and is called the endomorphism monoid
of X . Similarly, we have the strong endomorphism monoid SEnd X and the automorphism group Aut X . Clearly, Aut X ⊆ SEnd
X ⊆ End X . Call a graph X is E–S unretractive if End X = SEnd X; E–A unretractive if End X = AutX; S–A unretractive if SEnd
X = Aut X .
If f is a homomorphism from a graph X to a graph Y , then the graph with vertex set {f (x)|x ∈ V (X)}, and edge set
{{f (x), f (y)}|{x, y} ∈ E(X)}, is called the homomorphic image of X under f , and denoted by f (X). If f ∈ End X , then f (X) is
called the endomorphic image under f . A retraction is a homomorphism f from X to a subgraph Y of X such that the restriction
f |V (Y ) of f to V (Y ) is the identity map. If there is a retraction from X to a subgraph Y , then we say that X retracts to Y , and
Y is a retract of X . A graph is a core if it does not retract to a proper subgraph or, equivalently, if any endomorphism is an
automorphism. For a graph X , all endomorphism images with the smallest number of vertices are cores and are isomorphic.
We denote the core by X∗, and say that X∗ is the core of X . Note that any retract is an induced subgraph, and X∗ is a retract
of X . See [29,35] for details.
There are many interesting properties of graph endomorphisms. For example, any endomorphism of a graph must map
the shortest odd cycles to shortest odd cycles. Here we only mention some results from [29] which will be often used in the
following sections. A s-arc in a graph is a sequence of vertices (v0, . . . , vs) such that consecutive vertices are adjacent and
vi−1 6= vi+1 where 1 ≤ i ≤ s− 1.
Lemma 1.1. (1) Let X be a bipartite graph. If A is a shortest cycle or an isometric path, then A is a retract of X.Moreover, X∗ = K2.
(2) Let X be a non-bipartite graph. If every 2-arc lies in a shortest odd cycle of X, then X is a core.
Wewill see that shortest cycles, retracts and cores of graphs play important roles in studying the generalized symmetry
of graphs.
Graph products are also often used in the study of structures and properties of graphs and for constructing graphs
satisfying the required properties. For two graphs X and Y , there are four basic products often used in graph theory. They
are the Cartesian product X  Y , the categorical product X × Y , the strong product X ⊗ Y , and the lexicographic product X[Y ].
They all have vertex set V = V (X)× V (Y ). For (x, y), (x′, y′) ∈ V (X)× V (Y ), {(x, y), (x′, y′)} belongs to
E(X  Y )whenever {x, x′} ∈ E(X) and y = y′, or x = x′ and {y, y′} ∈ E(Y ).
E(X × Y )whenever {x, x′} ∈ E(X) and {y, y′} ∈ E(Y ).
E(X ⊗ Y )whenever {(x, y), (x′, y′)} ∈ E(X  Y ) ∪ E(X × Y ).
E(X[Y ])whenever {x, x′} ∈ E(X), or x = x′ and {y, y′} ∈ E(Y ).
The detailed definitions can be found in [37] or [32].
2. End-regular graphs
One of the basic topics between graphs and their endomorphismmonoids is the following open question raised byKnauer
in [47]: Which graphs have a regular endomorphism monoid? We answered it for bipartite graphs [8,11]. Recall that a
semigroup S is regular if for any f ∈ S, there exists g ∈ S such that fgf = f .
Definition 2.1. A graph X is said to be End-regular if its endomorphism monoid End X is regular.
First we characterized End-regular graphs in terms of retracts and isomorphisms between two induced subgraphs of
graphs. For a graph X , denote by I(f ) the subgraph of X induced by f (V (X)).
Theorem 2.2. Let X be a graph. The following statements are equivalent.
(1) X is End-regular.
S. Fan / Discrete Mathematics 309 (2009) 5411–5419 5413
(2) For any endomorphism f , I(f ) is a retract of X and there exists a retract of A of X such that f |V (A) is an isomorphism from A
onto I(f ). For any endomorphism f , I(f ) is a retract of X and there exists an induced subgraph of A of X such that f |V (A) is
an isomorphism from A onto I(f ).
Although an End-regular graph is defined in the semigroup sense, Theorem 2.2 gives a characterization of End-regular
graphs using properties of graphs. Also, the theorem shows that there are quite a few isomorphic retracts in these graphs.
Put another way, End-regular graphs do have some kind of symmetry.
The following result is important for characterizing End-regular graphs.
Proposition 2.3. If X is an End-regular graph, then I(f ) is End-regular for each f ∈ End X.
Denote by T (r, s) for r, s ≥ 1 the graph obtained by connecting the centers of two stars K1,r and K1,s, called a double
star. For a graph X , nX is a graph consists of n vertex-disjoint copies of X . The vertex-disjoint union of X and Y is denoted
by X ∪ Y . Using the above two results, the structure properties of bipartite graphs and their retracts from Lemma 1.1(1), we
obtained End-regular bipartite graphs.
Theorem 2.4. Let X be a bipartite graph. Then X is End-regular if and only if X is one of the following graphs.
(1) a complete bipartite graph Km,n,m, n ≥ 1;
(2) a double star T (r, s), r, s ≥ 1;
(3) the cycle C6 of length 6;
(4) the path P5 of length 4, or the cycle C8 of length 8;
(5) a disconnected graph nK1, (n− 1)K1 ∪ K2, or nK2, n ≥ 2.
Note that a regular endomorphismmonoid of a graphwas characterized by Li in terms of idempotents in [43], andWilkeit
independently obtained results for connected bipartite graphs with a regular endomorphism monoid [58].
For non-bipartite graphs, Fan [17,24] and Li [45,44] studied End-regularity for circulant graphs and split graphs. Let X =
C(n; j1, j2, . . . , jr) (where 1 ≤ j1 < j2 < · · · , jr ≤ [n/2]) denote a circulant graphof ordern, that is,V (X) = {0, 1, . . . , n−1},
E(X) = {{i, j}||j − i| ≡ jk (mod n), k = 1, . . . , r}. Clearly the graph has valency 2r or 2r − 1. The complement graph Cn of
cycles Cn is End-regular [44]. In fact, Cn are circulant graphs with high valency. Let gcd(a, b) denote the greatest common
divisor of two positive integers a and b. The following theorem gives End-regular circulant graphs of valency at most 3 ([24],
Theorem 4, 5, 11).
Theorem 2.5. (1) C(n; n/2) is End-regular;
(2) C(n; j) is End-regular if and only if n/gcd(n, j) ≡ 1 (mod 2), or n = 4, 6, 8 and gcd(n, j) = 1;
(3) C(n; j, n/2) is End-regular if and only if one of the following holds:
(3.1) gcd(n, j) = gcd(n, n/2) and n/(2gcd(n, n/2)) ≡ 0 (mod 2);
(3.2) n = 6 and j = 1;
(3.3) gcd(n, j) = 2 and gcd(n, n/2) = 1.
A graph X is called a split graph if its vertex set can be partitioned into disjoint (non empty) sets S and K such that S is a
stable set (any two vertices in S are not adjacent in X) and K is a complete set (any two vertices in K are adjacent in X). The
results for End-regular split graphs obtained by Fan [17] was unfortunately not correct, and the final answer was given by
Li in [45]:
Theorem 2.6 (Li [45], Theorem 2.13). Let G = (V , E) be a connected split graph with V = K ∪ S and |K | = n. Then G is
End-regular if and only if there exists r ∈ {1, 2, . . . , n} such that d(x) = r for any x ∈ S; or there exist a vertex a ∈ S with
d(a) = n and there exists r ∈ {1, 2, . . . , n− 1} such that d(x) = r for any x ∈ S \ {a} (if S \ {a} 6= ∅).
In order to find more End-regular non-bipartite graphs, we considered the lexicographic product of graphs. It is proved
that the lexicographic products C2n+1[X] and X[C2n+1] are End-regular graphs if X is an End-regular K3-free connected graph
(see [14], Corollary 2.7).
Problem 2.7. Determine End-regular non-bipartite graphs.
Fan considered some strong End-regularity and weak End-regularity of graphs. See [17,18] for details. For example, an
End-regular graph is called End-orthodox if its endomorphism monoid is orthodox or, equivalently, for any two retractions
f and g , fg is also a retraction. A graph X is called End-lpp if its endomorphism monoid End X is lpp, that is, every principal
left ideal of End X is projective. It is interesting that bipartite graphs X with maximum valency not less than 2 are End-lpp
if and only if I(f ) is a retract for each f ∈ End X ([18], Theorem 3.1).
For the regularity of a strong endomorphism monoid SEnd X of a graph X , Knauer and Nieporte [41] and with different
methods Li [42] proved that SEndX is regular ifX is finite. Knauer andNirporte used the fact that every graphwithout loops is
a generalized lexicographic product of an S–A unretractive graph with sets, to show that the strong endomorphismmonoid
of any graph is isomorphic to a wreath product of a group with a certain small category. In [41] graphs are characterized
with SEnd being right/left inverse, completely regular and so on. Li studied the Green’s relations and then also obtained
the regularity of the strong endomorphism monoid. The general result is Theorem 2.8 [19,21]. Here the definition of strong
retract is similar to that of retract in Section 1, just replacing endomorphisms by strong endomorphisms.
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Theorem 2.8. Let X be an infinite graph, U be its canonical strong factor graph. Then the following statements are equivalent.
(1) SEnd X is a regular monoid.
(2) I(f ) is a strong retract for any f ∈ SEnd X.
(3) U is S–A unretractive.
(4) U contains no proper subgraph which is isomorphic to U.
3. End-transitive graphs
In this section we introduce and study End-transitive graphs. Denote by d(u, v) the distance of vertices u and v.
Definition 3.1. (1) A graph X is said to be End-vertex-transitive if its endomorphism monoid End X acts transitively on the
vertex set. That is, for any two vertices x, y ∈ V (X), there exists f ∈ End X such that f (x) = y. End-edge-transitive graphs
or End-arc-transitive graphs are defined analogously.
(2) A graph X is said to be End-s-arc-transitive if its endomorphism monoid End X acts transitively on the s-arc set. That is, for
any two s-arcs α = (x0, . . . , xs), β = (y0, . . . , ys), there exists f ∈ End X such that f maps α to β , i.e., f (xi) = yi, 0 ≤ i ≤ s.
(3) A graph X is said to be End-distance-transitive if for any vertices u, v, x, y satisfying d(u, v) = d(x, y), there exists f ∈
End X such that f (u) = x, f (v) = y.
Note that End-vertex (edge, arc, s-arc)-transitive graphs have been considered in [23,25–27,59,60] under the name
weakly vertex (edge, arc, s-arc)- transitive graphs. We call the usual transitive graphs Aut-transitive. When we discuss End-
s-arc-transitive graphs we may suppose s ≥ 2 for End-1-arc-transitive graphs and End-0-arc-transitive graphs are usually
referred to as End-arc-transitive and End-vertex-transitive, respectively.
3.1. End-transitive graphs and their cores
It is known that cores of Aut-vertex-transitive graphs are Aut-vertex-transitive [56]. For End-vertex-transitive graphs,
the corresponding result is given in (1) of Theorem3.2.Moreover, an interesting result is obtained in (2) of Theorem3.2. Here
we present the proofs of these results since they are fundamental in the study of End-transitive graphs (see [25], Theorem
2.1 and 2.2).
Theorem 3.2. (1) Let X be an End-vertex-transitive graph. Then each retract of X is End-vertex-transitive. Moreover, its core X∗
is Aut-vertex-transitive.
(2) A graph X is End-vertex-transitive if and only if its core X∗ is Aut-vertex-transitive and each vertex of X lies in some induced
subgraph of X isomorphic to X∗.
Proof. (1) Let A be a retract of X , that is, there exists a retraction f ∈ End X such that A = f (X) and f (a) = a for all a ∈ A. For
any x, y ∈ V (A) ⊆ V (X), there exists g ∈ End X such that g(x) = y for X is End-vertex-transitive. Write h = f (g|V (A))where
g|V (A) is the restriction of g to the set V (A). Then h ∈ End A, and h(x) = (f (g|V (A)))(x) = f (g|V (A)(x)) = f (g(x)) = f (y) = y.
Therefore, A is End-vertex-transitive.
Since the core X∗ is a retract, it is End-vertex-transitive. Moreover, any endomorphism of X∗ is an automorphism. So X∗
is Aut-vertex-transitive.
(2) Suppose that X is End-vertex-transitive. By (1) X∗ is Aut-vertex-transitive. For any x ∈ V (X), y ∈ V (X∗), there exists
f ∈ End X such that f (y) = x. Since g = f |V (X∗) is a homomorphism from X∗ to X , let Y = g(X∗), the homomorphic image
of X∗ under g . Now Y is also an endomorphic image of X , and |V (Y )| ≤ |V (X∗)|. So by the definition of X∗ we get that Y and
X∗ are isomorphic. Thus we obtain that x lies in an induced subgraph Y of X isomorphic to X∗.
Conversely, suppose that X∗ is Aut-vertex-transitive and each vertex of X lies in some induced subgraph of X isomorphic
to the core X∗. Let h be a retraction from X to X∗. For any x, y ∈ V (X), let Z be an induced subgraph containing y and
isomorphic to X∗, and let t be an isomorphism from X∗ to Z . Then there exists v ∈ V (X∗) such that t(v) = y. Since
X∗ is Aut-vertex-transitive, there exists θ ∈ Aut X∗ such that θ(h(x)) = v. Therefore we have φ = tθh ∈ End X with
φ(x) = tθh(x) = t(θ(h(x))) = t(v) = y. Thus X is End-vertex-transitive. 
The above theorem gives the close relation between End-vertex-transitive graphs and Aut-vertex-transitive graphs. We
may determine and construct all the End-vertex-transitive graphs from Aut-vertex-transitive cores.
Example 3.3. (1) It is known that the four products of X and Y are Aut-vertex-transitive if both X and Y are Aut-vertex-
transitive (see, for example, [52,50,54,7,37]). Using this fact and Theorem 3.2, Zeng and Fan ([61], Theorem 2) obtained
similar result for End-vertex-transitive graphs. That is, the four products of X and Y are End-vertex-transitive if both X
and Y are End-vertex-transitive.
(2) Let X be a graph with chromatic number χ(X) = n. If X contains Kn as a subgraph, then X is End-vertex-transitive if and
only if each vertex of X lies in some Kn-subgraph [25].
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Problem 3.4. How to construct End-vertex-transitive graphs from Aut-vertex-transitive cores?
Remark 3.5. (1) Analogous results are obtained and problems are raised respectively for End-edge transitive graphs and
End-arc transitive graphs [25,59].
(2) For End-s-arc-transitive graphs and End-distance-transitive graphs, we only have the corresponding results similar to
(1) in Theorem 3.2.
(3) Using the concept of homogeneous embedding, (2) in Theorem 3.2 can be stated as the following way: A graph X is
End-vertex-transitive if and only if its core X∗ is Aut-vertex-transitive and X∗ is homogeneously embedded in X . Recall
that a graph X is said to be homogeneously embedded in a graph Y if for each vertex x of X and each vertex y of Y , there
exists an embedding of X in Y as an induced subgraphwith x at y [6]. Equivalently, a graph X is said to be homogeneously
embedded in a graph Y if for each vertex x of X and each vertex y of Y there exists an induced subgraph Y ′ of Y and an
isomorphism ϕ from X to Y ′ such that ϕ(x) = y.
3.2. Bipartite graphs are End-transitive graphs
Fan [23] proved that End-edge-transitive graphs are either bipartite graphs or End-vertex-transitive using the similar
method in Aut-transitive graphs, and also proved that bipartite graphs are End-vertex-transitive. We give another proof
here.
Theorem 3.6. Let X be a bipartite graph without isolated vertices.
(1) X is End-vertex-transitive, End-edge-transitive and End-arc-transitive.
(2) X is End-distance-transitive.
Proof. (Sketch) (1) It follows from Lemma 1.1(1), Theorem 3.2(2) and Remark 3.5(1).
(2) For any vertices u, v, x, y satisfying d(u, v) = d(x, y) = s, there are shortest (u, v)− path α = (u0, u1, . . . , us) and
(x, y)− path β = (x0, x1, . . . , xs), where u0 = u, us = v, x0 = x, xs = y. By Lemma 1.1(1) α and β are retracts of X . Let
f be a retraction from X to α, g be a mapping from α to β as: h(ui) = xi (0 ≤ i ≤ s). We have h = gf ∈ End X with
h(u) = x, h(v) = y. Thus X is End-distance-transitive. 
3.3. End-transitive non-bipartite graphs and cores
For Aut-distance-transitive non-bipartite graphs, from Godsil’s book [29] we know that it is Aut-2-arc-transitive if the
girth is at least 5. The same result holds for End-distance-transitive non-bipartite graphs, that is: End-distance-transitive
non-bipartite graphs with girth at least 5 are End-2-arc-transitive ([55], Theorem 5). Moreover, we have a new result even
for girth at least 4. Denote by g(X) the girth of X , d(X) the diameter of X .
Theorem 3.7. Let X be a non-bipartite graph with girth g(X) ≥ 4. If X is End-distance-transitive, then X is a core.
Proof. By Lemma 1.1(2) we only show that any 2-arc lies in a shortest odd cycle.
Suppose the length of shortest odd cycles in X is godd. Then from godd ≥ g(X) ≥ 4 we have godd ≥ 5.
For any 2-arc α = (v0, v1, v2), d(v0, v2) = 2 (otherwise there exists a cycle of length 3). Let C be a cycle with length godd.
If α lies in C , then it lies in a shortest odd cycle. Now suppose that α does not lie in C . Choose a 2-arc β = (u0, u1, u2) on C
such that ui 6= vj for all i, j ∈ {0, 1, 2}. Since d(X) ≥ g(X)/2 ≥ 2 and d(u0, u2) = 2 = d(v0, v2), by End-distance-transitivity
there exists f ∈ End X such that f (u0) = v0, f (u2) = v2. Suppose f (u1) = v′1. We know that f must map C to another odd
cycle (denoted by C ′) with the same length godd. There are two cases.
Case 1. v′1 = v1. Then α = (v0, v1, v2) lies in C ′.
Case 2. v′1 6= v1. Consider two subcases.
Case 2.1. C ′ contains v1. Then the cycle C ′ cannot contain both edges {v0, v1} and {v1, v2} (otherwise C ′ contains a cycle
(v0, v1, v2, v
′
1, v0)). So the vertices v0, v1, v2 divide the cycle C
′ into three internally-disjoint paths C ′(v0, v1), C ′(v1, v2) and
C ′(v2, v0) = (v2, v′1, v0). We consider the following three subcases.
Case 2.1.1. C ′ contains edge {v0, v1} but not edge {v1, v2}. In this case we get an odd cycle C ′(v1, v2) ∪ {{v1, v2}} with
length godd − 2, and a contradiction follows.
Case 2.1.2. C ′ contains edge {v1, v2} but not edge {v0, v1}. Similar to Case 2.1.1 we get an odd cycle C ′(v0, v1)∪{{v0, v1}}
with length godd − 2.
Case 2.1.3. C ′ contains neither {v0, v1} nor {v1, v2}. Since the length of C ′ is odd, for two paths C ′(v0, v1) and C ′(v1, v2)
we get that one contains edges of odd number and the other contains edges of even number. Therefore one of two cycles
C ′(v0, v1) ∪ {{v0, v1}} and C ′(v1, v2) ∪ {{v1, v2}} is an odd cycle, and its length is less than godd, which is a contradiction.
Case 2.2. C ′ does not contain v1. If v1 is not adjacent to other vertices except v0 and v2 in C ′, then (C ′ − {v′1}) ∪{{v0, v1}, {v1, v2}} is a cycle of length godd, and α lies in this odd cycle. Now suppose that v1 is adjacent to other vertices
in C ′. If v1 is adjacent to v′1, then a cycle of length 3 follows, which is a contradiction. If v1 is adjacent to a vertex w in C ′
wherew 6∈ {v0, v2, v′1}, then the vertices v0, w, v2 divide the cycle C ′ into three internally-disjoint paths C ′(v0, w), C ′(w, v2)
and C ′(v2, v0) = (v2, v′1, v0). Thus, one of two cycles C ′(v0, w)∪ {{v0, v1}, {v1, w}} and C ′(w, v2)∪ {{v1, v2}, {v1, w}} is an
odd cycle, and its length is less than godd, which is a contradiction. 
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Corollary 3.8. Let X be a non-bipartite graph with girth g(X) ≥ 4. Then X is End-distance-transitive if and only if it is Aut-
distance-transitive.
Problem 3.9. (1) Determine End-vertex (edge, or arc)-transitive non-bipartite graphs.
(2) Determine End-distance-transitive non-bipartite graphs with girth 3.
A generalized Petersen graph GP(n, k) for integers n and k is a graph with vertex set
{u0, u1, . . . , un−1, v0, v1, . . . , vn−1}
and edge set
{{ui, ui+1}, {ui, vi}, {vi, vi+k}|i = 0, 1, . . . , n− 1}
where the subscripts are module n. End-vertex-transitive generalized Petersen graphs with odd girth less than 9 were
characterized. As a result, End-vertex-transitive generalized Petersen graphs for n ≤ 15 were given in [26]. The End-
distance-transitive non-bipartite graph with girth 3 is End-arc-transitive and each edge lies in a triangle. Note that if X
is End-distance-transitive, then it is End-vertex-transitive and (End X)v acts transitively on Γi(v) for any v ∈ V (X). Here
(End X)v = {f ∈ End X |f (v) = v}, Γi(v) = {u ∈ V (X)|d(u, v) = i}.
End-s-arc-transitive graphs are given in [60].
Theorem 3.10. (1) A tree with diameter d is End-s-arc transitive for all 0 ≤ s ≤ d.
(2) If a graphwith girth g ≥ 3 is End-s-arc transitive, then s ≤ (g+2)/2. Moreover, a graphwith even girth g is End-(g+2)/2-arc
transitive if and only if it is bipartite and has diameter g/2.
(3) A bipartite graph with girth g is End-s-arc transitive for all 0 ≤ s ≤ g/2.
(4) A nonbipartite graph is End-s-arc transitive if and only if it is Aut-s-arc transitive.
3.4. Relationship among various transitive graphs
We summarize some relationships among various transitive graphs.
(1) End-edge-transitive graphs are End-vertex-transitive ([23], Corollary 3.3).
(2) There are End-arc-transitive graphs but not End-edge-transitive graphs, among which with the smallest vertices is
Holt’s graph, which is also the smallest 1/2-transitive graph (i.e., Aut-arc-transitive but not Aut-edge-transitive and
Aut-vertex-transitive) ([27], Corollary 2.6).
(3) Aut-s-arc-transitive implies Aut-(s − 1)-arc-transitive if and only if the minimum valency δ ≥ 2. This is also true for
End-s-arc-transitive graphs.
4. Unretractive graphs
For a graph X , we have the endomorphism monoid End X , the strong endomorphism monoid SEnd X , and the
automorphism group Aut X . Obviously Aut X ⊆ SEnd X ⊆ End X . It is interesting to investigate when these different
monoids coincide. A graph X is E–S unretractive if End X = SEndX; E–A unretractive if End X = Aut X; S–A unretractive if
SEnd X = Aut X .
Knauer [39,40] first studied these three unretractive join and lexicographic products of graphs. In [47] Knauer raised an
open question:which graphs X are E–S unretractive?We give the structure of E–S unretractive graphs in [9], and then obtain
the enumeration in [15].
Let A be a graph,(Ya)a∈V (A) be a family of graphs. The generalized lexicographic product of A and (Ya)a∈V (A) is a graph,
denoted by A[(Ya)a∈V (A)], with vertex set V = {(a, ya)|a ∈ V (A), ya ∈ V (Ya)}, two vertices (a, ya) and (b, yb) are adjacent if
and only if {a, b} ∈ E(A), or a = b and {ya, yb} ∈ E(Ya).
If X is E–S unretractive, then from Section 2 we have that for any endomorphism f , I(f ) is a retract of X and there
exists a retract of A of X such that f |V (A) is an isomorphism from A onto I(f ). In addition, I(f ) is E–S unretractive. Now
let Ya = {ya ∈ V (X)|f (a) = f (ya)}. We have X = A[(Ya)a∈V (A)]. If f is chosen such that I(f ) has the minimum number of
vertices, then I(f ) is E–A unretractive. Thus we have
Theorem 4.1. A graph X is E–S unretractive if and only if it is a generalized lexicographic product A[(Ya)a∈V (A)] of an E–A
unretractive graph A and a family completely disconnected graphs (Ya)a∈V (A).
Let A be a graph, a ∈ V (A). Define a graph X with V (X) = V (A) ∪ {a′}, a′ 6∈ V (A), E(X) = E(A) ∪ {{x, a′}|{x, a} ∈ E(A)}.
We say that X is a split from A on a. In fact, X = A[(Ya)a∈V (A)], where Ya = K2, Yb = K1 for b 6= a. Thus, in Theorem 4.1
X = A[(Ya)a∈V (A)] is equivalent to say that X is obtained from A by k splits, where k =∑a∈V (A) |V (Ya)| − |V (A)|.
Corollary 4.2. Any E–S unretractive graph can be obtained from an E–A unretractive graph by k splits.
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The enumeration of E–S unretractive graphs is herein given by using combinatorial theory. Let A = (V , E) be a graph
of order n, C = {c1, . . . , cm} be a set of m elements. By a permutation with repetition of C on A we mean an ordered
arrangement on V of n of the elements of C with repetition allowed. Moreover, if
∑m
i=1 ki = n, that is, choosing ki c ′i s
(i = 1, . . . ,m), then we get a (k1, . . . , km)-permutation with repetition of C on A. Let k = ∑mi=1 kici be a partition of
k into at most n parts. Then a graph obtained from A by k splits can be considered as a (k1, . . . , km)-permutation with
repetition of C on A. By Polya’s counting theorem, the number of (k1, . . . , km)-permutationswith repetition of C on A is given
by the coefficient N(k1, . . . , km) of x
k1
1 · · · xkmm in the expansion of PAut A(
∑m




i ). Here PAut A(x1, . . . , xn) =
(1/|Aut A|) ∑f∈Aut A xb1(f )1 · · · xbn(f )n is the cycle index of Aut A (see [53], P.128-170 for details).
Theorem 4.3. Let A be an E–A unretractive graph of order n. The number of the E–S unretractive graphs obtained from A by k
splits is
∑
N(k1, . . . , km).Where the summation is over all partitions k1c1+· · ·+km−1cm−1 = k, km = n−(k1+· · ·+km−1) ≥ 0.
Example 4.4. Taking A to be the odd cycle Cn (where n is odd) in Theorem 4.3, we get the number of the E–S unretractive
graphs obtained from Cn by k splits is∑
N(k1, . . . , km) = 12 (T (k1, . . . , km)+ S(k1, . . . , km))
where






















]! · · · [ 12km]! , if t ≤ 2,
0, if t ≥ 3.
ϕ(d) is Euler’s ϕ function, to be the number of integers from 1 to d that are relatively prime to d. gcd(k1, . . . , km) is the
greatest common divisor of k1, . . . , km. t = |{i|ki ≡ 1 (mod 2)}|, the number of odd integers in k1, . . . , km.
For example, let n = 5, k = 3, after a simple computation, we get the number of the E–S unretractive graphs obtained
from C5 by 3 splits is 5.
Besides the above three kinds of endomorphism, there are other endomorphisms such as half strong endomorphisms,
locally strong endomorphisms and quasi strong endomorphisms, defined in the literature [4]. In order to study the algebraic
structure which is put on a graph by its various endomorphisms, Bottcher and Knauer [4] defined the endomorphism spec-
trum and the endomorphism type of a graph for a more systematic treatment, then characterized trees and gave a list of
graphs with given endomorphism types (a postscript given in [5]). Fan [22] considered bipartite graphs with diameter three
and girth six and obtained their endomorphism types. The following problem was raised by Bottcher and Knauer in [4].
Problem 4.5. Find conditions on graphs X for various unretractivities of X .
Among many various unretractive graphs, the exploration of E–A unretractive graphs remains to be a major topic.
E–A unretractive graphs have quite a few different names such as minimal graphs, unretractive graphs, retract-rigid
graphs, reduced graphs, retract-free graphs, or cores in the literature. Now the most common used name is core. Hell and
Nesetril [34] summarize some principal properties of cores. We know from the literature that cores play an important role
in the study of graphs and homomorphisms. See [29,31,35] for details.
The known cores includes the following graphs: complete graphs, odd cycles, odd wheels, the Petersen graph, chromatic
critical graphs, Kneser graphs, connected 2-arc transitive nonbipartite graphs and so on.
Kaschek gave necessary and sufficient conditions for both lexicographic products and arbitrary graphs to be unretractive
[40,38].
We obtained the following result in ([12], Theorem 4): if X and Y are K3-free connected graphs, and either of two graphs
has odd girth, then End X[Y ] = End X[End Y ] (EndX[End Y ] is the wreath product of twomonoids End X and End Y , see [12]
for the definition). That is, the endomorphismmonoid of the lexicographic product of two graphs coincides with the wreath
product of their endomorphism monoids. Then a condition for unretractive lexicographic products is given ([10], Theorem
5): if X and Y are connected graphs, and X is K3-free, then X[Y ] is unretractive if and only if both X and Y are unretractive.
It would be interesting to characterize cores such that they are vertex-transitive, edge-transitive, or arc-transitive.
5. Graphs and their endomorphismmonoids
In this section we first investigate the question of when graphs are determined by their endomorphism monoids up
to isomorphism, then discuss the graphical strong representations of graphs, and finally give the Green’s relations for
endomorphism monoids of graphs.
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An early result on determination by endomorphism monoids is for partially ordered sets [28]. It asserts that two
partially ordered sets S and T whose endomorphism monoids are isomorphic must themselves be either isomorphic or
anti-isomorphic. Analogous results hold for topological spaces [46]. The next theorem shows that any connected bipartite
graph is determined by its endomorphism monoid up to isomorphism [16]. In fact, for two connected bipartite graphs X
and Y , if the endomorphism monoids End X and End Y are isomorphic, then there is a bijection between their primitive
idempotent sets PI(End X) and PI(End Y ). Moreover, there is an order isomorphism between their idempotent sets I(End X)
and I(End Y ) where I(End X) and I(End Y ) are partially ordered sets with the natural order. Since there is a bijection between
the primitive set PI(End X) of the endomorphism monoid End X and the edge set E(X) of the graph X , we then obtain an
edge isomorphism between two graphs X and Y . That is, X and Y are edge isomorphic. Finally by a result of Whitney [57]
we get that X and Y are isomorphic.
Theorem 5.1. Let X and Y be two connected bipartite graphs. Then the endomorphismmonoids End X and End Y are isomorphic
if and only if graphs X and Y are isomorphic.
Another important topic between graphs and their endomorphism monoids is graphical representations of monoids.
That is, which monoids are isomorphic to endomorphismmonoids of graphs? The answer is: given a monoidM there exists
a graph X such that End X ∼= M [1,49]. We define a graphical strong representation (GSR) of a given monoid S to be a graph X
such that the strong endomorphism monoid SEnd X of the graph X is isomorphic to S. The question is: which finite regular
monoids have graphical strong representations? This is also a question raised by Knauer [47]. A result is: the direct product
of two regular monoids has a GSR if each factor has a GSR [20].
Recall that (Z2)n is the elementary abelian 2-group of order 2n. The following is well known [3]: a commutative group G
is isomorphic to the automorphism group of some Aut-vertex-transitive graph if and only if G ∼= (Z2)n,n = 1 or n ≥ 5. A
similar question is: Which monoids are the endomorphismmonoids of some End-vertex-transitive graphs? A result is from
([23], Theorem 4.5).
Theorem 5.2. If a commutative monoid M is isomorphic to the endomorphismmonoid of some End-vertex-transitive graph, then
M ∼= (Z2)n, n = 1 or n ≥ 5.
We conjecture that the converse of Theorem 5.2 is also true, that is, M ∼= (Z2)n, n = 1 or n ≥ 5 is isomorphic to the
endomorphism monoid of some End-vertex-transitive graph.
The Green’s relations of endomorphism monoids of graphs were given in [8,13,18]. Let X be a general graph with the
endomorphismmonoid EndX . For f ∈ EndX ,pi(f ) = {f −1(y)|y ∈ f (V (X))}denotes the decomposition ofV (X) induced by f .
Theorem 5.3. For two regular elements f and g in End X.
(1) f L g if and only if pi(f ) = pi(g).
(2) f R g if and only if I(f ) = I(g).
(3) f D g if and only if I(f ) ∼= I(g).
(4) f J g if and only if for I(f ) and I(g), each contains a retract which is isomorphic to the other.
Without restricting to regular elements, we have Green’s relations of endomorphism monoids of trees ([13], Theorem
2.3): Let T be a tree, f , g ∈ End X , then f L g if and only if pi(f ) = pi(g).
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